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First part: multiple choice questions

Ftrr eat:h qirestion, prark the box corresponcling to the txrrret:t â.nswer. Eat:h qrrestion has exactly

one r:orrer:t ânswer.

Question 1 : Let (arr)rrrr tre the sequence defirred [:y

a

ar, : (- l)n (%#) 43-
n

Mliminfrx-++ôo
an : '- 6, and limsup an : O

n-++oo

l-l ti*inf ar, : -14, artrl limsupfln : o

- n'++æ n-)+oo

I Iiminf ar, - -6, trrrd limsupûn:6n-++oo *-++oo

liminf ar, - -3, arrd limsup ûn:0
n-++oo n-++ôo

Question 2 : Let A C IR. and B c IR be bounded subsets' 'fhen

ffi"rrpL.u B) : sup -A . sup B ffstry@u B) : ma>r{sup.4, sup B}

! sup(,A u B) : min{sup.4, sup B} f sup(A u"B) : sup A * sup B

Question 3 : Let / : IR. -+ IR^ tre the function rlefinerl bv

/(c): l"l ifc)-1,
l1r2+t) ifr<-1.

Then

Then

/ is differeniiable on IR

/ is rrot contitruous at r : -1
/ is differentiable at 0 and contitmous at c : -l

EI / i* differentiable at c : --1 atrd continttotts at u : 0

Question 4: [,etf : [0,$] arra f :I-+lRbethe futtr:tiondefineclbv/(r):cos(22). 1'ltenfor

eactr r, y € -I such that z ( y we hiwe:

M r(ù - r@) <0 rtu) - r@)
12 y-fr

ttu) - t@)
a-fr

L

0

u-fi
r(v) - f @)*n1

oo

<-1

Question E r The integr ^, Io'o;ffiâ dr equals

do

A:-r'

./6 arctan ($)

tog(3) - log(2)
?

-1

<2
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Question 6 ; Let /: [à,f] * IR tre the function defiuerl lry /(t) : I + ]sin(f), Let.I be the

range of /. Then:

o

Question 7: Ler,a€IR. Therealselies Ë(t *i)"' corlvergesif andonlyif

r [1,1+ *]
1:[2,3]

'-1 <a<0

Wr"-522*lta-lb
Z ,'+1422 +t5

n:l
Ë: oo

f r [t-*,1]
Pf r:1r,zj

f, n:t
I R:o

z3-zizz+4s
z3-522*52*45

n:t
f]o<-1 ! o>o a(0

Question I : llhe gerreralizr:d intcglal .I: [t '"Tu" U*
Jn+ rz

[] "orru*trges 
attd etlttals -l f "c,t,uotges 

a,rrd ecltta,ls I

fl *,rr,rr"rgcs arrcl cquals -4 [J diuctg**

Question I :

Tlre conrplex rnrrnbers 3,1- 2i, and I+2i a,re the roots (the zeros) of thc polytrorrria,l

Question 10 : Let a6 € IR and (or")r">o a sequence of real ntrmbers satisfying the following

re(illrrence relation for n, ) L
an-v 1a": z +t'

Then:

I if ap ( 01 ,\1to* 
: -oo

Mit ao :0 the sequence is couvergent

if oo > 1 the sequent:e is increasing

if aq ( 1 the sequence is decreasing

oo 
rn: o if n is odd'Question 11 : Consirler the series Don*n, where dn:I if n is even atrd a

The rarlius of convergence lbr t,t,* seriË.*]lft, sa,tisfies

o o
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'?*,:

ao

Therr

Question 12 : Let (o1)i1>1 be the seqllence defined by

an: (sn+ 1)los(#)

Vtir" dn: o" rù-'r+æ

Question 13 : T,ct /: lR -+ IR br: clefincd by

lim an: L
rù-++oo

the.lirnit does rrot exist in lR

lim an :1
tr-+oô

lim
n-)+ôo

nHm
nJ+oo

e-z/l*l ffnt'A,
0 ifz:O.

arr: *æ

Arr:3

"f(") 
:

'I'hen

]!i /(t) exists but / is rtot corttinuous ert 0

]gi /(t) does not exist

/ is r:ontinuotts at u: 0 btrt not diflerentiable at r :0

M / it cliff'crerrtiable at u : 0

euestion L4: Let/:lR.-+IR.bedefirredby/(r) :e'log(1*z). Iheexpansionof order3<-rf /
at16:9i5

^2 -3
"f(z):"+ï*ï*r34(*)

12 n3
/(c): "-ï*ï**3e3(*)

rz n3
M l(") :n*t+T+ z34711

^2 -3
T@):"+?-i+u3e3(c)

Question L5 : Let the sequence {arr}rr>o be defined by recurrence wit}r o,o : 22 and for n } I,

an:3- fr, th",.t

2anû lim
fù-+oo

lim ar, : {

o

n-+oo

o
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Question 16 : Let a, be IR and /:lR'-+lR be the f[nction defined by

,/,

o

/(') : 2

sin(ar * b)

si o ( 0,

si r ) 0.

Ihen, / is contirruous tln IR ftrr :

Io: |*u:i Io:0etb :*i f o: *Tne't'b:0 Vo:o*b:I

Question 1?: Forall/c€N,&> 1, let a6:(-1)Èf utn"':Éap' Then
/c=1

pf tnn series I oo (:onverges, but not absohrtely
ôo

k:I
oo

I tt * series Iou cotrverges ahsolutely
lc:1

lim sr, : so.
?r-+æ

lim s2: -ootr-+oo

Question 18 : The irrtegra I 
lo' 

*'u-'dc cqttals

Vz-3 Iz-* lz-3 Iz-â

oo
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Second part: true/false questions

Ftrr each qlestion, mark the box (wiihout erasing) TR,tlll if the statement is always true ancl the

hox FALSII if it is not always true (i.e., it is sometirnes false).

Question l9 : Let (an)n>o bc a scquerrcc of norl zero rcill rtttrrtl'rcrs srtclt thrrt lin- an:2' Tlt<trt

Iim o'+t 
- 1

rt-+û 4"

W rRuE tl FALsE

Question 20 : Lct /: IR -+ R be a bijective irrr:reamirtg furtctiort. Thcn /-1: IR. -+ IR. is incrca'sing.

V TRUE I FAT,SE

Question 21 : The dcfiuite irrtegral Jr, e-sin(') dr is trq'a,l to zero.

TRUE ffi ralsn

Question 22 : Let / € C*(R). Then for each re 6 lR anrl eat:hn € N* there is a Taylor expansion

for / of order n around c6.

û rH.tJE }.ALS!]

Question 23 : Let / € cl(IR.). Thcrr therc exist rrurrrbers a, ô € IR. such that

f@)-a-bn
t

V TRUE FALSE

Question 24 : For a € C*, zs + $ is real if lzl : t-

û TRUE T FAI,SE

Question 2E : Let /: [0,1] + [0,1] be a continuous function with range [0,1]. Then, there rnust

exist c € [0,1] such that /(*) -s : 0'

-tEl' rHuB I FALSB

o

lim
c-+0 -0

o o
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Question 26 : Let,4,,B ER be two non empty bounded subsets. lf inf A ( inf B ancl sup-A )
supB, then B C,4.

I rRuE ffi r'nr,su

Question 2? : Let / : lR' -+ lR be a fttnction that is contiuttotrs a't o6 : 0' Then' the fttnction

.q : IR' -+ IR' defined by .q(u) : s"f(c) is difl'erent'iable at Û0 :0'

V TRUE T FALSE

ôo

n=0

a

Question 28 : Let (a4)4;'p, (b*)r,>o be two sequences of rcal rturrtbcrs suclt tttnt the series I "t

and f b' converge. Then T.onb,- converges.
oo

n=0

oo

n:0

I IRUE W FAT,SE

o a
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Question }Ot This qu'estr'on i,s wort'h 5 poin't's.

n
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Third part, open questions

Answer in the empty space below. Your ânswer should be carefully justified, ancl all the steps of

your ârgument should be rliscusserl in details. Leave the check-boxes ernpty, they are userl for the

grading.

Question 292 This queat'i,on is worth 6 points

(a) State the Bolz,ano Weierstrass theorem.

(b) Give a result for continuous functfurns on closed bounded intervals whose proof relies on the

Bolzano Weierstrass Theorem. (No proof required.)

(c) Give an example of two sequences {a4}n>0, {b'}o>o for which limsuprr** (on+b^) <
limsuprr-* ar, * limsup'** b*.
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Question ïtz This qnr,esti,on is wotth 5 poi'nts.
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Show that the equation cos(r) * s :5 has a unique solutio' in lR
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