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First part: multiple choice questions

For each question, mark the box corresponding to the correct answer. Each question has exactly

one correct answer.

Question 1 : Let (a,),, be the sequence defined by

6n+ 8 4
=(-1)" —.
an = (-1) ( 2n ) n
Theuw:
liminf a,, = - 6, and limsupa, =0
n—4oo n—+00
|:| lim inf a,, = —14, and limsupa, =0
n—+00 n—+4o0o
|:| liminf a, = —6, and limsupa, = 6
n—++00 n—+o00

D liminf a,, = —3, and limsupa, =0

n—++oo n—+00
Question 2 : Let A C R and B C R be bounded subsets. Then
ﬁsup(z‘l UB) =supA-sup B [E/sup(A U B) = max{sup A, sup B}
[ ] sup(A U B) = min{sup 4, sup B} ‘ [ ] sup(AU.B) =sup A +supB

Question 3 : Let f: R — R be the function defined by
flz) = {'f”' it
s@*+1) ifz<-1.
Then:
[:l f is differentiable on R
[ ] 7 is not continuous at z = —1

|:| f is differentiable at 0 and continuous at z = —1

M f is differentiable at z = —1 and continuous at z =0

Question 4 : Let I = [0, Z] and f: I — R be the function defined by f(x) = cos(2x). Then for

each z,y € I such that z <y we have:

@—zs———f(’y;:fm)so D—IS——f(y;:;:(x)Sl
DWSWSA Dos——f(y;:;:(m)sz

2r -1
(z-3)(z+2)

o [[] vBarctan (5)
[] -1 [] 1og(3) — log(2)

1
Question 5 : The integral / dz equals:
0
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Question 6 : Let f: [2,1] = R be the function defined by f(z) = 1+ Lsin(Z). Let I be the
range of f. Then:

[]1 1,143 IR
[]1=[2,3] 1=[1,2]

0 2

n
Question 7 : Let a € R. The real series Z (1 + g) converges if and ouly if
n

n=1

[]-1<a<0 [Ja< -1 [Ja>0 M a<o

i , ; . ! log
Question 8 : The generalized integral I = 5—dz
ot T
D converges aud equals -1 |:| converges and equals 1
D converges and equals -4 @ diverges

Question 9 :
The complex numbers 3,1 — 24, and 1 + 24 are the roots (the zeros) of the polynomial

(] 22 —522+112—15 [[] 2% —2iz2+45
[]22+14224+15 [] 28— 522 + 52+ 45

Question 10 : Let ag € R and (ap)n>0 a sequence of real numbers satisfying the following

recurrence relation for n > 1
an-1
2

N | =

+

an =
Then:
[ ]ifap <0, lim a, = —c0
n—ro0
U if ag = 0 the sequence is convergent
D if ag > 1 the sequence is increasing

[ ] if ap < 1 the sequence is decreasing

OQ .
Question 11 : Consider the series E anz”, where a, = 1 if n is even and a, = 0 if n is odd.

n=1
The radius of convergence for the series, R, satisfies

Or=1 “IRrR=1
DR=00 [:]R=O
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Question 12 : Let (an)n>1 be the sequence defined by

an = (3 + 1) BT
Then:
[ i a1 O] tim o = +o0
pim an =0 h [] Jm an =3

Question 13 : Tet f: R — R be defined by

e~2/lzl  ifx #£0,
f($)={ _
0 ifz=0.

Then
D lim f(z) exists but f is not continuous at 0
z—0
[] lim f(z) does not exist
z—0

[ ] f is continuons at z = 0 but not differentiable at z = 0

N £ is differentiable at z =0

Question 14 : Let f: R — R be defined by f(z) = e“log(1 + z). T'he expansion of order 3 of f
at g =0 is

z? 73 3
[] fl@)=a+ 5 +5 +z e3(x)

2 3
|:| f(z) =z ?3— + %— + 1353(:1:)

2 3
M fzy=z+ % + % + 23e3(x)

2 3
(] f@) =2+ 5 - %+ ales(a)

Question 15 : Let the sequence {ap}n>o be defined by recurrence with ag = % and for n > 1,

a, =3 - hﬂr‘)—_l, then:

El the limit does not exist in R M lim a, =2 e
n—reo 9
D lim an =1 Dnlim anp =4

n—00
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Question 16 : Let a, b€ R and f: R — R be the function defined by

V2

f@)=92
sinfaz +b) siz>0.

siz <0,

Then, f is continuous on R for :

Da_:getb:g Da:Oetb=~% Da=~»getb=0

mn

k+1
Question 17 : ForallkeN, k> 1, let ax = (—1)¥ -i; and s, = Z Qk-

k
k=1

o
m the series Zak converges, but not absolutely.
k=1

oo
|:| the series Zak converges absolutely.

k=1
lim s,, = co.
n—oo
[] lim 8p = —0OQ.
n—roo

1
Question 18 : The integral / z?e™% dx equals
, 0

M2-8 [J2-1 [J2-2

Then
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Second part: true/false questions

For each question, mark the box (without erasing) TRUE if the statement is always true and the
box FALSE if it is not always true (i.e., it is sometimes false).

Question 19 : TLet (an)n>0 be a sequence of non zero real numbers such that lim an, = 2. Then
- n—0

lim %ntl =1,
n—oo 4n

] TRUE [] FALSE

Question 20 : Let £: R — R be a bijective increasing function. Then f~1: R — R is increasing,

A TRUE [] FALSE

Question 21 : The definite integral f_ll e #in(@) dg is equal to zero.

[] TRUE [\ FALSE

Question 22 : Let f € C°°(R). Then for each o € R and eachn € N* there is a Taylor expansion

for f of order n around zg.

LI TRUE [] FALSE

Question 23 : TLet f € C'(R). Then there exist numbers a, b € R such that

limM=O

z—0 T

V] TRUE [] FALSE

Question 24 : For z € C*, 2% + ;lg is real if |z| = 1.

V] TRUE [l FALSE

Question 25 : Let f: [0,1] = [0,1] be a continuous function with range [0,1]. Then, there must
exist z € [0,1] such that f(z) —z =0.

[V TRUE [] FALSE
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Question 26 : Let A, B C R be two non empty bounded subsets. If inf A < inf B and sup A >
sup B, then B C A.

[] TRUE V] FALSE

Question 27 : Let f : R = R be a function that is continnous at zo = 0. Then, the function
g: R = R defined by g(z) = zf(z) is differentiable at zo = 0.

WV TRUE [ ] FALSE
oo
Question 28 : Let (@n)a>0, (bn)a>0 be two sequences of real numbers such that the series Zan
n=0

00 00
and E b, converge. Then E a,b, converges.

n=0 n=0

[] TRUE M FALSE
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Question 30: This guestion is worth 5 points.

CHCHCHCRCCR Dolnat arie er.

3n

n
Show by induction that for each n > 1, Z3’°(k + l) = 3"—.
- 2 2

Les M) de Z(Lgh[h,_}b} =230
R = PR
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—

hff‘l
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= 23" 20 4%) = 37 3(o)
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Third part, open questions

Answer in the empty space below. Your answer should be carefully justified, and all the steps of
your argument should be discussed in details. Leave the check-boxes empty, they are used for the

grading.

Question 29: This question is worth 6 points.

Dh E]l [l !:ls D; |:|'n Ds_ Do not write here.

(a) State the Bolzano Weierstrass theorem.

(b) Give a result for continuous functions on closed bounded intervals whose proof relies on the
Bolzano Weierstrass Theorem. (No proof required.)

(c) Give an example of two sequences {@n}n>0, {bn}n>0 for which limsup, . (an+by) <
limsup,,_, o, @n + limsup,, ., by-

ey —iF @n) o 16 A Bonaped SaAME THew
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Question 31: This question is worth § points.
Clo e Cle (e Cle s Do niot write here.
Show that the equation cos(z) + = 5 has a unique solution in R.
(6 = (wmbicoe hag Flb\= =sabox V2D,
SO ﬂ”‘)‘) =0 oWt (YT ") < Aaim  O0Thonwise 17

'S Stz Pos v,
o be MU Ol DipE Craiong.

(15 sy (WeADY, oN U
Ta [‘”‘/2 AT, T h «e'l(m\‘ﬁ]
So f19 SMETLY 1w AL o U = T

\\

e Fis sonedv Cne AL, Go Tl pa Ay
[ vocwe 1~ ML wan) fir\=h5 Q.%S |

bt F(O= | (276 sobvmz

J LU0 TR LA (uE Mg (DA ¢T3 FURCNWS
A 2 ¢ 30,30 wim  F(x)=5

b @y e S wnagne 1ol 0






